We study the quantum mechanical harmonic oscillator in two and three dimensions, with particular attention to the solutions as basis states for representing their respective symmetry groups -O(2), O(3), and O(2,1). Solving the Schrodinger equation by separating variables in polar coordinates, we obtain wavefunctions characterized by a principal quantum number, the group Casimir eigenvalue, and one observable component of orbital angular momentum, with eigenvalue m + s, for integer m and real constant parameter s. For each of the three symmetry groups, s splits the solutions into two inequivalent representations, one associated with s = 0, from which we recover the familiar description of the oscillator as a product of one-dimensional solutions, and the other with s > 0 (in three dimensions, solutions are found for s = 0 and s = 1/2) whose solutions are non-separable in Cartesian coodinates, and are hence overlooked by the standard Fock space approach. In two dimensions, a single set of creation and annihilation operators forms a ladder representation for the allowed oscillator states for any s, and the degeneracy of energy states is always finite. However, in three dimensions, the integer and half-integer eigenstates are qualitatively different: the former can be expressed as finite dimensional irreducible tensors under O(3) or O(2,1) while the latter exhibit infinite degeneracy. Creation operators that produce the allowed integer states by acting on the non-degenerate ground state are constructed as irreducible tensor products of the fundamental vector representation. However, since the half-integer ground state has infinite degeneracy, the vector representation of the creation operators does not take this ground state to the calcluated first excited level, and the general construction does not act as a ladder representation for the half-integer states. For all s = 0 solutions, the SU(N) symmetry of the harmonic oscillator Hamiltonian recently discussed by Bars is spontaneously broken by the ground state. The connection of this symmetry breaking to the non-separability into one-dimensional Cartesian solutions is demonstrated.
Introduction
Along with its classical counterpart, the quantum harmonic oscillator is a well-studied model with exact solutions and connections to many physical systems for which it serves as foundation or approximation. Beyond its application to atomic and molecular spectra, statistical mechanics, and by way of various relativistic generalizations to quark dynamics, certain general techniques associated with the harmonic oscillator, including the Fock space ensemble of uncoupled modes and Dirac's factorization of the Hamiltonian into creation and annihilation operators, serve as conceptual building blocks in areas ranging from blackbody radiation to canonical quantization and string theory. Yet, despite the subject's long history, fundamental new insights continue to emerge [1, 2] .
In this paper, we study the quantum mechanical harmonic oscillator in two and three dimensions, with emphasis on the solutions as basis states for representations of their respective symmetry groups -O(2), O(3), and O(2,1). The original motivation for this work was an attempt to develop a ladder representation of creation and annihilation operators for the relativistic oscillator model found by Horwitz and Arshansky [4] who applied a covariant formulation of quantum mechanics [5] to relativistic generalizations of the classical central force bound state problems. These models, which are obtained by inducing a representation of O(3,1) on wavefunctions whose dynamics are restricted to the spacelike sector of an O(2,1)-invariant subspace, exhibit a positive spectrum, and belong to half-integral representations of O (3, 1) . According to a virial theorem [6] for the covariant quantum mechanics, the restriction to spacelike dynamics guarantees a positive spectrum, but since there is no obvious way to realize this nonholonomic constraint in Cartesian coordinates, the eigenvalue equation was posed in a hyperspherical parameterization. To address the unusual characteristics of these solutions, we sought to develop a creation/annihilation algebra associated with polar coordinates and non-integer orbital angular momentum. Although the algebraic approach succeeds in reproducing the basic oscillator features for both integer and non-integer representations in two dimensions and for the integer representations in three dimensions, Dirac's factorization of the Hamiltonian does not lead to creation/annihilation operators for the half-integer representations of O(3) or O (2, 1) . This paper presents a summary of results to be demonstrated in greater detail in a subsequent paper. To expose the common features of the oscillators associated with the three symmetries, we develop the models in tandem and use common notation, as far as is possible.
We write the harmonic oscillator Hamiltonian
to describe either an O(D) nonrelativistic oscillator with Euclidean metric η µν = δ µν , µ, ν = 1, ..., D
or an O(D − 1, 1) relativistic oscillator with Lorentz metric η µν = diag (−1, 1, ..., 1) , µ, ν = 0, ..., D − 1.
The standard approach to Fock space proceeds by separation of Cartesian variables and subsequent application of Dirac's factorization of the one-dimensional Hamiltonian for each degree of freedom. Assuming a product solution of one-dimensional oscillators
the Hamiltonian separates into a sum of D mode-number terms as
with creation/annihilation operators
that satisfy
and mode number operators N µ =ā µ a µ (no summation) that satisfy
The products |n = µ |n µ of N µ eigenstates form a Fock space of orthogonal oscillator modes with the ladder propertȳ
where the e µ are unit vectors in the occupation number space 
but leads to an indefinite spectrum
The requirements on the ground state
lead to a set of first order differential equations that reproduce the ground state solution proposed by Kim and Noz
In their study of quark dynamics, Feynman, Kislinger, and Ravndal [8] chose the phases
preserving the roles ofā 0 as creation operator and a 0 as annihilation operator for the timelike mode, under the requirement that n 0 ≤ 0 so that
Although these states have positive spectrum
they have indefinite norm
requiring that the negative norm states (ghosts) be suppressed by exclusion of excited timelike modes. The first order differential equations a µ ψ 0 (x) = 0 lead to the solution proposed in [8] ,
with some regularization procedure required for normalization.
The ground state energy for uncoupled nonrelativistic oscillators can usually be found by associating 
Harmonic Oscillators in Polar Coordinates
In the polar coordinates appropriate to the oscillator problems in D = 2 and 3 dimensions
the Schrodinger equation takes the form
−∂
we are led to associated Legendre equations
where the constants l and m have reversed roles with respect to equations (34) and (35), having been introduced to satisfy
Comparing (29) and (49), we write Λ 1 = m + s, so that (26) becomes
where, for D = 3, the orbital angular momentum is characterized by s = 0, 1/2 and may be integral or half-integral. For D = 2 we assume that s can be any real constant.
The remaining radial equations are
The change of variables
which entails
and the substitutions
in radial equations (52) and (53) lead to Laguerre equations, where in D = 2, L (x) satisfies
From E = ω 2 ε the spectra are given by
and the wavefunctions are
Using the properties L 
and so, as expected, are separable in Cartesian coordinates only for s = 0, in which case they recover the standard solutions expressed as products of one dimensional oscillators. In particular, the s = 0 ground state for O(2,1) is precisely the state proposed by Feynman, Kislinger, and Ravndal.
Number Representation in Polar Coordinates
A number representation appropriate to the solutions (64) to (68) consists of polar creation/annihilation operators that act on polar eigenstates of the total mode number N and the symmetry operators M 2 and M to produce new polar eigenstates. The resulting representation will be equivalent to the standard Cartesian Fock space if the polar eigenstates are unitarily connected to the Cartesian number states, in which case they can be found by expressing N, M 2 and M in terms ofā µ and a µ and diagonalizing the resulting operators.
We consider the Cartesian multiplet ϕ 1 of first excited states as arising from the action of the vector multiplet of creation operators on the ground state ϕ 0 . Thus, in D = 2 the vector operator multiplet takes ϕ 0 to ϕ 1 as
Using (6) to replace x µ and p µ withā µ and a µ , the angular momentum operator
is seen to act on ϕ 1 as
and so has eigenvalues ±1 on eigenstates
where the polar creation/annihilation operators
commute among themselves except for
Since a 1 and a 2 commute withā 0 andā 3 , the operators defined in (76) similarly diagonalize M in D = 3, with eigenvalue 0 on the statesā 0 ϕ 0 andā 3 ϕ 0 .
Number representation for
, operators (76) are sufficient to fully characterize the O (2) oscillator. From the four available products
we may form the symmetric Hermitian combinations
and the antisymmetric Hermitian combinations
In Cartesian coordinates, the maximal set of commuting operators is {N 1 , N 2 }, and from these we construct the Hamiltonian. Using
we confirm that angular momentum commutes with the total mode number
but since N 1 and N 2 do not commute with M, they are not separately observable in the polar representation.
Since N is a positive operator, we must address the problem of negative energy states. From (62) the energy of n = 0 states can become negative if m + s < −1. For eigenvalues n ≥ 0 and m + s ≥ 0, the wavefunctions (64) are made orthonormal by taking the normalization to be
but for states with n = 0 and m + s < 0, this becomes
eliminating negative energy states ψ 0m for m + s < 0. The general normalized wavefunction is then
with positive definite total energy. We may satisfy the requirement
by taking 0 ≤ s < 1 and m ≥ 0. From (5) the Hamiltonian in D = 2 is H = ω (N + 1) so comparing with (62) we find
where to avoid confusion with the principal quantum number n, we use N to represent both the total mode number operator and its eigenvalue. Using the commutation relations
we compare
with
and conclude that
where C + nm is a complex coefficient, with norm found from
Similarly comparing,
leads to
We eliminate two coefficients
using the commutation relations (77). Solving
which requires that the total mode number be positive, together with
and taking the coefficients to be real
we write the actions of the ladder operators as
Special care must be taken with the ground state (69) because (120) and (121) lead to
or equivalently
suggesting a negative energy state. However, the well-defined, non-zero function ψ 0,−1 is nonnormalizable and by (91) does not correspond to any state in the Fock space. We interpret the action of a − in (122) as taking the ground state to a non-observable function which must be taken account in calculations such as
but is effectively annihilated at the end of calculations.
We may construct excited states from the ground state as
with normalization coefficient N αβ . It follows from (120) that
and from (121) that
and so we take
which reduces to √ α!β! in the case s = 0. Operating on these states with the total mode operator (82)
with the commutation relations (77) and the identity
we calculateā
which combine to
and using (124) we show that
so that the states ζ αβ have total mode number given by
A similar calculation using (84) leads to
so that the states ζ αβ have angular momentum
Comparing (138) with (93) we see that
which combines with (141) and (139) to provide expressions for the principal quantum number n and the integer part of the angular momentum m
and fixes α as
Thus, the states ζ αβ defined in (125) can be identified with explicit solutions ψ Bars has recently observed [2] that the harmonic oscillator Hamiltonian in D dimensions possesses a symmetry generated by the productsā µ a ν of the ladder operators. Because such products replace one ν-mode of the oscillator with one µ-mode, the total mode number, and therefore the total mass/energy, is conserved. The traceless part of the generators
generates an SU(D −1, 1) or SU(D) dynamical symmetry of the Hamiltonian, while the trace
is the total mode number and differs from the Hamiltonian by a c-number. The antisymmetric part of the generators For the Cartesian ladder operators in two dimensions, the traceless operator is
with antisymmetric part equal to the angular momentum operator
and symmetric part given by
where we use (83) and (85). Directly calculating
we verify that the three independent operators
Q satisfy the SU(2) algebra.
Equation (88) confirms that M commutes with total mode number N -similarly,
so this SU (2) is indeed a symmetry of the Hamiltonian. In Cartesian coordinates, the operator ∆ is chosen to be observable, while in polar coordinates the operator M is observable.
Comparison of (123) and (151) however indicates that the SU(2) symmetry is spontaneously broken for the states (91) except in the case that s = 0. Moreover, expanding the SU (2) Casimir operator in terms of the creation and annihilation operators, (83) -(85) lead to
Since the Casimir eigenvalue N of a unitary representation of SU(2) must be integral or half-integral, the s = 0 solutions appear to violate unitarity [3] . A more detailed study of the unitarity of the explicit solutions will be presented in a subsequent paper.
To verify that the solutions (91) form the basis for a representation of the operator algebra, we express the creation/annihilation operators in polar coordinates. Combining (6) and (76) as
we obtain the polar expressions
Applying the annihilation operators to the ground state (69), we recover (122) in the explicit form
where the result in (162) is formally equivalent to √ sψ 0,−1 but as discussed above, does not correspond to any state in the Fock space, and we treat as annihilation. For the general state (91), using the notation of (54) x = ρ 2 , the ρ derivative is
and the φ derivative is i ρ ∂ ∂φ
so that
Then, using the identity
for the Laguerre functions, we calculate
Using (89) for A nm we obtain
as required by the first of (120). The second lowering operator acts as
lead to
providing
as required by the first of (121). The raising operatorā + acts as
= ρe
so applying identity (168) and the identities [9]
we calculatē
providingā
confirming the second of (120). Finally, the action of the second raising operatorā − is
= e
so using the identity [9] 
and (168) leads tō
we confirm
so that the solutions (91) belong to the ladder representation for any value of s.
Unlike the angular momentum M = −i∂ φ , which is diagonal in polar coordinates, the remaining SU(2) generators are most conveniently expressed in Cartesian coordinates
from which it follows that
and again we see that the SU(2) symmetry of the Hamiltonian is spontaneously broken for
Since the operator ∆ is diagonal in Cartesian coordinates, its action on the states is of special interest. From (125) and (128) and the commutator
we obtain 
Number representation for D = 3
To obtain a number representation in D = 3, we must simultaneously diagonalize the operators M 2 and M expressed in terms of creation/annihilation operators (ā + , a 3 ,ā − ) for O (3) and (ā + , a 0 ,ā − ) for O(2,1). As seen above, the states defined through the actions of these operators on the ground states diagonalize M. However, the Casimir operators
with total mode number
and scalar productsā
remain non-diagonal. Nevertheless, M 2 must be block diagonal with respect to N and M and so studying the expected multiplicity of the mass/energy states leads to a characterization of the oscillator states. Recall that despite the sign of the term −a 0 a 0 in the second of (205), the total mass/energy of the O(2,1) oscillator was found in equation (63) 
with allowed values
Similarly, the O(2,1) wavefunctions (67) for s = 0 depend on β and φ through the functionŝ
and it follows from (28) and (29) that
The remaining O(2,1) boost generators are
and for s = 0, where we set ζ = sinh β, they take the form
and
Using the identities [9] 1 + ζ
we find
and so that the boost operators A ± raise and lower the m eigenvalue as
comparable to the action of L ± in (210). It follows from (213) and (223) 
where z = cot θ, and it follows from (27), (49) and (50) that
Similarly, the s = 1/2 wavefunctions (68) for O(2,1) depend on β and φ through the hyperangular functions
where ζ = tanh β and
In terms of the parameters (37) and (38) for s = 1/2, the non-diagonal operators for O (3) and O(2,1) take the forms
where
and using the identities [9] 1 + z
one is led to
The actions of L ± and a similar calculation for A ± using the identities [9] 1 − ζ 
we find the lower bounds
The functions F and G therefore provide infinite-dimensional representations of O (3) and O(2,1), leading to mass/energy states of infinite degeneracy, appropriate to the non-compact O(2,1) but apparently violating unitarity for O(3).
Since the multiplicity structure of the wavefunctions (65) to (68) depends on s but not on the relevant symmetry group, we study their eigenvalue content together. We know that for the standard Cartesian states,
where the longitudinal component, relative to the choice of x − y plane as locus of observable angular momentum, is
Therefore, the matrix representation of M 2 reduces to coherent subspaces labeled by eigenvalues N and n , and a convenient parameterization of Cartesian states is
The number of states for given N and n is therefore N − n + 1, and the total number of states with mode number N is
For s = 0, we extend (125) and construct excited states through
which are eigenstates of N and M with
so that the states ζ αβγ are precisely the states found by diagonalizing M in the Cartesian picture. Acting on (247) with (204) leads to
so that the states ζ αβγ are not generally eigenstates of M 2 , but as expected are mixtures of states with (α ± 1, β ± 1, γ ∓ 2) and fixed M eigenvalue
It follows from (249) that
and so the allowed eigenvalues of M
are consistent with the parameter range α, β = 0, 1, ..., N.
Generally, as demonstrated in [6] but not on m, so there must be a principal quantum number n that complements the contribution of l to energy, incrementing by 2 when l is decremented by 1. Thus, the mode number can be written
and the total energy must be
in agreement with the solution (63) to the Schrodinger equation.
According to (247) and (248) the N = 1 states constitute the l = 1 vector multiplet
which we order according to the eigenvalues m = −1, 0, 1 found by diagonalizing M on the N = 1 multiplet of Cartesian states
Applying the creation/annihilation operators in polar parameterizations (20)
for O(2,1) to the ground states,
we obtain
Wavefunctions (266) and (267) are seen to agree with the l = 1 vector multiplet found from (65) and (67) using
The l = 1 multiplet of the spherical harmonics Y m l (θ, φ) andŶ m l (β, φ) have the well-known property that the three components form a unit vector, so
in the basis that diagonalizes the 3 × 3 matrix representation of M, which may be verified using the parameterizations (20).
The first level of excited states was found by acting on the ground state with the operator multiplet ā − ,ā , −ā + which we regard as the fundamental representation of a set of irreducible tensor operators constructed successively by taking irreducible tensor products
is an irreducible tensor operator of rank j ± 1,ā
m 2 is the vector operator, and j m − m 2 1 m 2 | j 1 j ± 1 m is the appropriate Clebsch-Gordan coefficient. Thus, according to (246), the N = 2 states have total multiplicity of 6, which by (255) must include the five l = 2 states and the l = 0 singlet state. The two irreducible tensor operators that can be constructed from the vector operator are the singlet (l = m = 0)
and the l = 2 operators
(1)
(1) 0ā
(1) 0
(1) 0 +ā
0 +ā
which are precisely the operators found by diagonalizing the matrix representation of L 2 .
In this way, the complete set of spherical polar harmonic oscillators in 3 dimensions can be constructed from the ground state.
For the s = 1/2 wave functions, the attempt to build excited states from the ground state and the operator multiplet ā − ,ā , −ā + fails immediately. The infinitely degenerate ground states found from (66) and (68) are 
and we may follow the method of (18) to calculate
where we use
and assume some regularization for the ground state normalization. However, neglecting to include the metric in the formulation of the norm, we might be tempted to calculate 
where η mm represents the metric in the relevant tensor representation. In the absence of a number representation for the relativistic oscillator, the straightforward calculation in (18) cannot be performed to check that no ghosts appear in this formulation. We may argue that since the wavefunctions (68) are not separable into Cartesian modes, all polar modes mix space and time within the spacelike sector, and so there should be no timelike excitations as such in the relativistic oscillator. Moreover, given the infinite dimensional multiplets of states, there is no particular state that is naturally assigned a negative metric. These claims will receive more detailed treatment in a subsequent paper.
